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Introduction 

The eta invariant was introduced in mathematics in the celebrated papers [APSl- 
3] as a correction term in an index formula for a non-local, elliptic boundary value 
problem and since then it has been subjected to a lot of scrutiny because of its 
appearance in many branches of mathematics. 

Contrary to the index density of an elliptic operator, the eta invariant is a non- 
local object and this explains why it is so much harder to compute. Most concrete 
computations rely on special topologic or geometric features. For example, one can 
use the Atiyah-Patodi-Singer theorem to compute the eta invariant of the signature 
operator because in this case the eta invariant is a combination of a topological term 
(the signature of a 4A;-dimensional manifold with boundary) and a local contribution 
(the integral of the L-genus). For 5^-bundles over Riemann surfaces, this approach 
was successfully carried out in [Ko] (see also [O] for similar results in the more 
general case of Seifert manifolds). 

For the Dirac operator associated to a spin structure such an approach is not 
possible because the index of the Atiyah-Patodi-Singer problem is notoriously de- 
pendent upon the metric. However, if all the manifolds involved have positive scalar 
curvature then a Lichnerowicz type argument allows the computation of the index 
and thus, in this case, the computation of the eta invariant is a local problem. 

The first goal of this paper is to compute the eta invariant of some Dirac opera- 
tors on the total space of a nontrivial circle bundle over a Riemann surface E of 
genus > 1. 

We will do this for product-like metrics on A^ such that the fibers are very 
short. Such metrics have negative scalar curvatures and thus are beyond the reach 
of the Lichnerowicz vanishing approach. Instead, using the recent results of Bismut- 
Cheeger [BC] and Dai [Dai] we will compute the eta invariant for the usual Dirac 



operator using its known adiabatic limit (i.e. its limiting value as the geometry of 
changes so that the fibers become shorter and shorter). To recover the eta invariant 
(at least for short fibers) one can use known variational formulae and some very 
precise spectral information about the Dirac operators determined by metrics with 
very short fibers. This is entirely a local computation since there are no spectral 
flow contributions. 

Once this computation is performed we embark in a related problem. More 
precisely, we will determine the eta invariant of a very special scalar perturbation of 
the Dirac operator. These perturbed Dirac operators (we called them adiabatic Dirac 
operators) arose in [N] where we studied the adiabatic limits of the Seiberg-Witten 
equations on circle bundles (see also [MOY]). We again use a variational approach. 
This time however, there is a spectral flow contribution which occurs precisely at 
one endpoint of the path of Dirac operators connecting the known situation to the 
one for which the computations is sought for. This requires some "spectral care". 
Additionally, we indicated in Appendix C how one can determine this eta invariant 
directly, by elementary means not relying on the Bismut-Cheeger-Dai theory. This 
argument extends easily to the more general case of Seifert manifolds. The eta 
invariant is an essential ingredient in the computation of the virtual dimension of 
the moduli space of finite energy solutions of the Seiberg-Witten equations on a 
4-manifold with boundary a disjoint union of S'^-bundles over Riemann surfaces. 
The determination of this virtual dimension is an important (albeit intermediary) 
step in any attempt to establish gluing formulae for the Seiberg-Witten invariants. 
This is the second goal of this paper. 

We compute this dimension via the Atiyah-Patodi-Singcr and the Seiberg-Witten 
analogues of the results in [MMR] describing the structure of the finite energy mod- 
uli space. There is an additional difficulty one has to overcome. The operators 
describing the deformation complex of this moduli space are based not just on the 
adiabatic operator alone. They depend on a very explicit (though complicated) 
perturbation of the direct sum (adiabatic Dirac operator -|- odd signature opera- 
tor) and the final determination of the virtual dimension requires a very refined 
perturbation analysis involved in a spectral flow computation. We obtain explicit 
formula; for the virtual dimensions for any 4-iTT'mifold bounding disjoint unions of 
circle bundles. In particular, one can immediately determine the virtual dimension 
of the space of Seiberg-Witten "tunnelings" . These are finite energy solutions of 
the Seiberg-Witten equations on an infinite cylinder Rx circle bundle over a Rie- 
mann surface. This dimension was also determined in [MOY] (in the more general 
context of Seifert manifolds) by identifying the tunnelings with algebraic-geometric 
objects on the orbifold ruled surface associated to a Seifert manifold and then using 
a sophisticated Riemann-Roch argument. The algebraic-geometric techniques are 
however ineffective in our more general context and provide no information on the 
eta invariants which arc needed in the computation of Froyshov invariants. Our 
methods extend to the case Seifert manifolds as well but we will pursue this aspect 
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elsewhere. Q 

A strategy similar to ours was used in [SS] to compute the eta invariant of Dirac 
operators on circle bundles over Riemann surfaces of genus > 2. There are two 
main differences. The first difference comes from the spin structure considered in 
[SS] which extends to the disk bundle bounding our circle bundle. We perform our 
computations on Dirac operators associated to spirf structures pulled back from 
the base of our fibration and these, as explained on p. 837 of [KS], have notable 
topological properties. For example, the pullback of a spin structure from the 
base does not extend to a spin-structure on the bounding disk bundle, though it 
extends as a spm'^-structure. This explains why the adiabatic limit in [SS] is different 
from ours and shows that the eta invariants can distinguish spin structures!!! The 
second difference is in the manner in which the adiabatic limit is computed. In 
[SS], using the representation theory of PS'L2(M) the authors determine explicitly 
the adiabatically important part of the spectrum which allows them to determine 
the adiabatic limit of eta itself. As we mentioned above, we achieve this using the 
results of Bismut, Cheeger and Dai. In Appendix C we showed that for the adiabatic 
Dirac operators the eta function can be computed directly and "elementarily" and 
can be elegantly described in terms of Riemann's zeta function and some topological 
invariants. 

This paper is divided in three sections and four appendices. The first section is 
essentially a brief survey of known facts concerning the eta invariant: definition, the 
Atiyah-Patodi-Singer theorem, variational formulae and the spectral flow. We spent 
a lot of time describing these things in an organized way to eliminate any ambiguity 
concerning the various sign conventions. 

The second section contains the main steps in the computation of the eta invari- 
ants discussed above. We begin by describing the geometric background and the 
various Dirac operators. Then using the adiabatic results of Bismut-Cheeger-Dai we 
compute in the second part the eta invariant of the Dirac operator on a circle bun- 
dle with very short fibers (Theorem |2.4| ). This is a local problem since there are no 
spectral flows. In the third part we compute the eta invariant of the adiabatic Dirac 
operator - a perturbation of the Dirac operator which arose in [N]. This is achieved 
in Theorem via a variational formula and a spectral flow computation. The eta 
invariant of this adiabatic Dirac operator is independent of the radius of the fibers. 
In fact, it depends only on the degree of the fibration and thus it "detects" very 
little of its geometry !!! This agrees with the way this perturbation was obtained, 
at the end of a "shrinking" process when at lot of information is lost. The very gen- 
eral result of Bismut-Cheeger-Dai may obscure the nice symmetries responsible for 
this unusual conclusion and we have included in Appendix C an elementary deriva- 
tion of this result. This elementary approach works in the more general context of 
Seifert manifolds and enables one to describe the entire eta function associated to 

^In the paper dg-ga 9711006 we extended these computations to Seifert fibrations and used them 
to determine the Froyshov invariants of many Brieskorn homology spheres. 
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an adiabatic Dirac operator in terms Riemann's zeta function. 

The last part of this section is devoted to extending the previous computations 
to the Dirac operators coupled with flat line bundles. We use essentially the same 
strategy. However new phenomena arise during the computation of some spectral 
flow contributions. 

The third section is devoted to applications to Seiberg-Witten theory. The first 
two subsections describe the 3- and 4-dimensional Seiberg-Witten equations and 
some basic facts about them established in [MOY] and [N]. The third subsection 
is entirely devoted to the computation of a spectral flow. This a very delicate 
job since one has to worry about eigenvalues changing sign in a nontransversal 
manner. Detecting these eigenvalues requires a very refined perturbation analysis. 
In the last subsection we compute virtual dimensions of finite energy Seiberg-Witten 
moduli spaces on 4-manifolds founding circle bundles over Riemann surfaces. When 
specialized to the case of tunnelings (i.e. finite energy solutions on infinite cylinders) 
we re-obtain some results of [MOY]. 
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1 The eta invariant of a first order elliptic operator 

§1.1 Definition The elhptic selfadjoint operators on closed compact manifolds 
behave in many respects as common finite dimensional symmetric matrices. The eta 
invariant extends the notion of signature from finite dimensional matrices to elliptic 
operators. We will denote the trace of an infinite dimensional operator (when it 
exists) by "Tr" while "tr" is reserved for finite dimensional operators. We have the 
following result. 

Proposition 1.1 (a) Consider a closed, compact, oriented Riemann manifold (A^, g) 
of dimension d, E ^ N a hermitian vector bundle and A : C°° (E) — > {E) a first- 
order selfadjoint elliptic operator. Then 

^\ 2 ) A>0 

(Vx = ker(A — A)) is well defined for all ^Hes ^ and extends to a meromorphic 
function on C Its poles are all simple and can be located only at s = (d-|- 1 — n)/2, 
n = 0,1,2,.... 

(b) If d is odd, then the residue of 7/a(s) at s = is zero so that s = is a 
regular point. 

For a proof of this proposition we refer to [APS3]. When d is odd we define the 
eta invariant of A by 

rj{A) := r?^(0). 



Remark 1.2 (a) From the definition it follows directly that r/(— A) = —'q{A) and 
i]{\A) = r][A), VA > 0. 

(b) In [BF] it is shown that if A is an operator of Dirac type then one can define 
its eta invariant directly by setting s = in (|l.l|). In other words, in this case 

rj{A) = ^ r^/^Tr {Ae-'^ )dt. 

In the sequel, we will reserve the letter D to denote Dirac type operators. 

§1.2 The Atiyah-Patodi-Singer theorem The importance of the eta invari- 
ant in mathematics is due mainly to its appearance in the formula for the index of 
an elliptic boundary value problem first consider by Atiyah-Patodi-Singer in [APSl]. 

Suppose that {M,g) is a compact, {d + l)-dimensional, oriented Riemann mani- 
fold with boundary = dM. We assume d is odd and that the metric g is a product 
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Figure 1: An oriented manifold with boundary 



on a tubular neighborhood (—1, 0] x iV of the boundary i.e. g = du^ + go, where go 
is a metric on N (see Fig.l). We orient N such that the outer normal followed by 
the orientation of N gives the orientation of M. (This is precisely the orientation 
that makes the Stokes' formula come out right.) 

Next suppose that E± M are two hermitian vector bundles and L : C°°(E^) — ^ 
C°°{E^) is a first order elliptic operator which along the neck can be written as 



where G : E := £"+ Iat^ E- | at is a bundle isomorphism and A : C°°{E) C°°{E) 
is a selfadjoint elliptic operator. (Note that our convention differs from the one in 
[APSl]!) Denote by P> : L'^iE) L'^{E) the orthogonal projection onto the closed 
space spanned by the eigenvectors of A corresponding to eigenvalues > 0. P< is 
defined similarly. The Atiyah-Patodi-Singer (APS) boundary value problem is 



Note that if is a solution of {APS) then its restriction to the boundary lies in the 
negative eigenspace of A. Then, for all u > we can define 



We see that '4^{u) extends V to an exponentially decaying solution of Lil) = 
on Moo- Here Mqo denotes M with the half-infinite tube [0, oo) x N attached 
(see Fig. 2). Thus, the sohitions of (.4^5") can be identified with the exponentially 
decaying solutions of L on M^. The adjoint of [APS) is 










V'(«) = e"^^' \dM ■ 
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Figure 2: Attaching a half-infinite tube 



where L* denotes the formal adjoint of L. (APS) is an ehiptic problem which implies 
finite dimensional spaces of solutions for both (APS) and its adjoint. Define 

ind {L,APS) = dimker(AP5) - dimker(AP5)*. 

We have the following fundamental result. 

Theorem 1.3 (Atiyah-Patodi-Singer) 

ind (L, APS) = [ ao{x)dvg - ^( /i(^) + ) 
Jm 2 

where h{A) = dimker A, r]{A) is the eta invariant of A and ao{x)dvg is the index 
density determined by L and is a completely local object (see [Gky], Sect. 1.8.2 for 
an exact definition). 

Suggested by the above theorem we introduce the ^-invariant (or the reduced eta 
invariant) of A by 

aA) = lih{A)+niA)). 

Note that ^{-A) = {h{A) - ri{A))/2 so that A ^{A) is not an odd function. 

In many geometrically interesting situations the index density ao{x)dvg can be 
described quite explicitly. We describe below one such instance. 

Suppose that M is equipped with a spin structure. Denote by § = S+ © S_ 
the associated superbundle of spinors. Fix a connection on M compatible with 
the metric g. need not be the Levi-Civita connection but we require that it 

looks like a product in a tubular neighborhood of the boundary. This induces in a 
canonical way a connection on S (compatible with both the metric and the splitting 
of S) which we denote by V'^. Suppose moreover that E ^ M is a hermitian vector 
bundle equipped with a compatible connection V^. We get in a standard fashion a 
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connection onE>(Si E compatible with both the metric and the Zi2-grading. Finahy, 
this connection canonically defines a Dirac operator T) : C°°{E>+'S>E) — C°°{E>-'S>E) 
described by 

V : C~(§^) ^ C~(r*M (g) C^{Se) 

where c : T*M — > Horn (§+ (g) §_ (g) £;) denotes the CUfFord multipUcation. 

As required by the Atiyah-Patodi-Singer index theorem, near the boundary D 
has the product structure 

Tl = c{du) (V„ - D) 

where !D is the Dirac operator induced by D on the boundary. 

The index density associated to this operator is the top degree part of the differ- 
ential form A(V''^) A ch(V^) where A (resp. ch) denote the A-genus form (resp. 
the Chern character form) obtained from (resp. V^) via the Chern-Weil con- 
struction. In particular, if dim M = 4 and E is the trivial line bundle equipped with 
the trivial connection we deduce 

ind(i),ylP5) = [ pi(V^) -C(D). (1.2) 
24 Jm 

Remark 1.4 The above formula for ao{x)dvg is traditionally proved only for the 
special case when is the Levi-Civita connection. However, a careful inspection 
of the proof in Chap. 11 of [Roe] shows it extends verbatim to the more general 
case when is only metric compatible 

§1.3 Variational formulae While the eta invariant itself is a very complex 
object, its deformation theory turns out to be a lot simpler. We collect here some 
results we will use in our computations. More specifically, we will address the 
following problem. 

Consider two metrics Qi i = 0,1 and compatible connections V* on an odd di- 
mensional manifold N and denote by Di the associated Dirac operators. Compute 
e(2)i)-e(2)o). 

We will soon see this problem does not have an unique answer and the rea- 
son will be very clear. Leaving this worry aside for a moment, consider a smooth 
path {((/i, V*)}tg[o^i] of metrics and compatible connections connecting {qq^V^) to 
((7i, V^). Denote the associated Dirac operators by Df and set = i^t)- We want 
to compute it = ^ although at this moment we have no guarantee the map t^^t 
is differentiable. 

Since the path (5t,V*) may not be independent of t near i = 0, 1 we need 
to smooth-out the corners. To this aim, consider a smooth, nondecreasing map 
7 : [0, 1] ^ [0, 1], tt 1-^ 7(i() such that 7(0) = 0, 7(1) and ^'{u) = for u near and 
1 (see Figure 3). Moreover for each < t < 1 set 7t(u) = t'^{u) so that 7t connects 
to t. 
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Now for every < t < 1 form the operator Lt on [0, 1] x defined by 

Lt is an elliptic operator and from the A-P-S theorem we get 

it := ind {Lt, APS) = pt - ^(/lo + ht) + ^(r?o - m) 

where pt denotes the integral of the index density of Lt, ht = h{'Dt), rjt = r]{'Dt). 
The above formula can be rewritten as 

Ct-Co = Pt+jt (1.3) 

where jt = —{ho + it)- The term pt depends smoothly on t since the coefficients 
of Lt do. The term jt is Z-valued so it cannot be smooth, unless it is constant. If 
[S,t] = £,t (mod Z) then the map t >—>■ [^t] is smooth and by (|1.3|) 



We will deal with pt a bit later later but first we need to better understand the 
special nature of the discontinuities of ^t. 

We see from (|1.1| ) that the discontinuities of S^t (and hence those of jt) are due 
to jumps in ht- We describe how the jumps in ht affect S^t in a simple, yet generic 
situation. We assume is a regular family i.e. 

• The resonance set Z = {t £ [0, 1] ; ht ^ 0} is finite. 

• For every to £ Z there exists e > 0, an open neighborhood M of to in [0, 1] and 
smooth maps Xk ■ M ^ (— k = 0,1, ht^ such that for all t £ M the family 
{Xk{t)}k describes all the eigenvalues of Dt in {—e,e) (including multiplicities) and 
moreover, Afc(to) 7^ for all k = 1,2, ht^- 
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Figure 4: Spectral How 



Now for each t e Z set 



<y±it) = #{k ; ±Xk{t) > 0}. 



and 



If 



Ata 



-a_(0) 



t = 

t e (0, 1) 
t = 1 



At^:= lim fe+e - et-e) 

£— >0+ 

we see that A^^ = if t Z while for f G Z we have 



:i.5) 



(To understand the above formula it is convenient to treat Df as a finite dimensional 
symmetric matrix and then keep track of the changes in its signature as the spectrum 
changes in the regular way described above). Finally, define the spectral flow of the 
family "Dt by 

SF{Vt) = ^ Ata. (1.6) 

*e[o,i] 

For example, in Figure 4 we have represented those eigenvalues At of a smooth path 
of Dirac operators which vanish for some values of t. The ibl's describe the jumps 
Atcj. Thus the spectral flow in Figure 4 is 1. 
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Using the equalities ji — jo = J2t ^tS. and jo = we deduce 

ji-jo = -k-ho = J2^tC= E ^tcT = SF{'Dt) (1.7) 

t te[o,i] 

so that 

ii = md{Li,APS) = -ho- SF{Dt). (1.8) 



From the equahties (1.3) and ( |1.7| ) we now conclude 



ei-^o = SF(DO+ / ^dt. (1.9) 
JO «i 



Remark 1.5 In the above two equalities we have neglected the smoothing effect of 
7. However, since 7(u) is nondecreasing, the crossing patterns of the eigenvalues of 
1 1-^ Dt and u are identical. This implies SF{T)t) = SF{T)^(^u^). 



It is now the time to explain the continuous variation Formula (|1.4| ) shows 

this is a locally computable quantity. In fact, one can be more accurate than this. 
We start with a simple situation first. 

Assume {N,g) is an oriented Riemann manifold of dimension d = 3 mod 4 
equipped with a spin structure. Fix a smooth path (V*)(£[o^i] of (7-compatible con- 
nections and for each t denote by Dt the associated Dirac operator. Consider now 
the manifold M = [0, 1] x A'^ equipped with the metric g = dv? + g. The connection 
V = du A du + V^^"^ is compatible with the metric g and it determines a Dirac 
operator D which has the form 



D = c{du) [du - j . 
The A-P-S theorem then gives 

6 - Co = / A(V) - ind (I), APS) - ho 
Jm 

= 5F(D^(„))+ /^^A(V). 

To further simplify this formula note firstly that 

5F(D^(„)) = SFCDt; 0<t<l). 

Secondly, as in [APS2] one can show that the integral term is independent of the path 
of connections chosen to deform V*^ to V^. Thus we can set V* = V'' + t(V^ — V*'). 
The resulting integral over M can then be rephrased as an integral over A'" of the 
transgression form from V*^ to V^. This is defined as the degree d part of 



rA(V\vO) := ^ • ['A{^,^t)dt 
^ Jo 
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where w = V — V and Of is the curvature of V + tcu. More exphcitly, 

where d^" denotes the exterior derivative defined by V'^. 

In the special case when d = 3 the only important part of A is —-^Pi where pi 
is the degree 2 invariant polynomial on so(4) given by 

Pi(x,y) = -^tr(xy). 

(Here we use the conventions of [BGV]). In this case the transgression is a multiple 
of the Chern-Simons integrand, and more precisely 

TA(V\ V°) = ^-^tr A 0° + -u; A d^°uj + ^a; A a; A w). 

967r^ 2 3 

Thus when ci = 3 we have the following remarkable formula 

1 /" 1 1 

a - 6 = SF{T>t) + —J / tr (a; A 0° + -a; A d^°u + -ioAuAu). (1.10) 

Now consider a more complicated problem. N is again a compact, oriented, 
d-dimensional manifold (d = 3 (mod) 4), but this time we allow the metric to vary. 
Thus, let (3t)te[o,i] be a smooth path of Riemann metrics on N and, for each t, 
denote by V* the Levi-Civita connection associated to the metric Qf . Wc obtain in 
this way a path of Dirac operators {Dt)t&[o,i- We want to compute — assuming 
for simplicity that all the operators are invertible so there is no spectral flow. 

Form again the metric g = du^ + g^{u) [0) 1] x A?^ and denote by V its as- 
sociated Levi-Civita connection. We get a Dirac operator 2) on M. It has the 
form c{du) (j)u — D^(„)^ for u close to and 1. Unfortunately, for u away from the 
endpoints it has the form 

c{du) (du - '^'^(u)) 

where ^'-y^u) — "^7(1/) + ^ certain endomorphism expressible in terms of 

■^9y(u)- If the operators "^'^i^u) where invertible, then their spectral flow would be 
zero and then ^1 — ^0 would be expressible as an integral of an A-form. 

Fortunately, there is a simple way to guarantee the above invertibility, relying on 
the observation that the size of is comparable with the size of the u-derivative of 
Qjl^u) ■ Consider a very large positive number L and form the tube Ml = [0, L] x N 
equipped with the metric 

gL = dv^ + g^(^iL). 

In other words, the path v ^ g'y{v/L) defines a very, very slow deformation of go to gi. 
(A physicist would call this an adiabatic process.) In this case the v derivatives of 
9-y{v/L) become extremely small so that the corresponding perturbations Ty become 
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negligible and D^^^y^:) will be invertible. If denotes the Levi-Civita connection 
of gi we get 

6-6=/ A(V^). 

JMl 

As remarked in [APS2], the above integral does not change if we replace by a 
linear connection on [0, L] x N, not necessarily compatible with gi, which interpolates 
afHnely between the Levi-Civita connections of go and gi. This shows that even 
in this case we can express the variation of ^ as the integral of a transgression 
form. The only difference this time is that the transgression goes through GL{d, R)- 
connections rather than 0((i)-connections. This is no problem since the two groups 
are homotopically equivalent. 

We now have (almost) all the background necessary to compute eta invariants 
of Dirac operators. The only missing piece of information is Bismut-Cheeger-Dai 
result concerning the adiabatic limits of the eta invariants. We will state the special 
case we need at the opportune moment. 

Remark 1.6 The above observations can be used to determine the index of an 
elliptic problem on a noncompact manifold considered in [LM] . 

Consider a smooth, non-decreasing function /? : R — [0, oo) such that /3(u) = 
for M < 1/4 and /3(n) = u for u > 3/4. 

Using the notations of §1.2, we define for each G M the weighted Sobolev 
spaces L'^'^{E±) as completions of Cq°{E±) with respect to the norm 

1/2 

Consider the bounded operator L = du — A : L^'^(£J+) L^(i?_). In [LM] it was 
shown that L is Predholm if and only ii A + /j, is invertible, i.e. —fi ^ spec {A). We 
denote by i^{L) its index. For example, if A is invertible, then as pointed out in 
[APSl] we have 

io = ind {L,APS). 
In general, to compute for an arbitrary n note that the map 

is an isometry so that i^{L) = iQ{T^LT~^). A simple computation shows that 

T^LT-i = := L - ^lP'{u). 

Construct Mi by attaching the cylinder Ci = [0, 1] x to the boundary of M. 
Alternatively, Mi is the region u < 1 m M^. Then is well defined on Mi and 
as above we conclude 

V = ind {L^,,APS). 
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Set Af, = A + n. We have 

indMi (L^^APS) - indM {L,APS) = -{^A^) - C{A) ) + / ao{x)dt 

J Ci 



On the other hand, the above index density can be expressed as in ( |1.3D in terms of 
the APS index of the operator L — n(3'{u) on Ci. 

/ aoix)dvg = CiAf,) - CiA) + h{A) + indc^ (L - fif3' (u), APS) 



Finally, according to (1.8), the last term can be expressed as a spectral flow 

indci {L - iif5'{u),APS) = -h{A) - SF{A + tfx, te [0, 1]). (1.11) 

Putting all of the above together we obtain the following useful equality 

V = ind (L, APS) - SF{A + tfi, te [0, 1]) (1.12) 

This is in perfect agreement with Theorem 1.2 in [LM]. Note also that if fj, is suf- 
ficiently small and positive then there is no spectral flow correction in the above 
formula. 

We also want to mention an immediate consequence of the above considerations. 
Consider two elliptic first order operators as above 

Li,L2:T{E+)^r{E-) 

which have the same principal symbol and have the APS form Lj = G{du — Aj) 
along the neck. Arguing as in the proof of (pp we deduce the excision formula 

ind (La, APS) = ind {Li.APS) - SF{Ai A2) (1.13) 

where SF{Ai A2) denotes the spectral flow of the affine path of elliptic operators 
At = Ai+t{A2-Ai),te [0,1]. 



2 Eta invariants of Dirac operators 

§2.1 The differential geometric background Consider ^ € Z and denote by 
N = the total space of a degree £ principal S^ bundle over a compact oriented 
surface of genus g: S^ ^ N£ ^ T,. Denote by C £ Vect (A^) the infinitesimal 
generator of the S^ action. has a natural orientation which can be described 
using any any splitting TN = ((") © 7r*TS determined by an arbitrary connection. 

Assume S is equipped with a constant sectional curvature Riemann metric hf, 
such that vol/ij^(S) = vr. Pick a connection form iip £ iQ,^{N) such that 

-d(p = 2£dvh^. 
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This choice is possible since ■2^d(p represents the first Chern class of N which is i. 
For each < r < 1 define a metric hr on N by 

hr = <fr®<fr® '^*hb, = ff- 

Set Cr = r-^C- 

Using this metric we can orthogonally split T*N = (if) ©7r*T*S and this defines 
in a natural way an orientation on N. If *r denotes the Hodge * operator of the 
metric hr we get 

dipr = 2Ar *r (2-1) 

where = —r£. 

Fix a local, orthonormal coframe 6^, 9'^ on the base S such that 

= kO^ a e'^ (2.2) 

and 

d9^ = (2.3) 

where k is a nonnegative constant. Such a choice is obviously possible if S is the flat 
torus. If S has higher genus then any constant curvature metric on S admits such 
local coframes because it is a quotient of the hyperbolic plane and on the hyperbolic 
plane such choices are possible. Note that —k^ is actually the sectional curvature of 
S so by Gauss-Bonnet 

We now get a local, oriented, orthonormal frame of T*N ((^^, y?^, c/?^), where ip'^ = 
7r*0*, i = 1,2. Denote by (Cr-,C'^)C^) its dual frame. In [N] we showed that the 
1-form associated to the Levi-Civita connection V = V(/tr) by the above frame is 



LOr 



Ar -Br 

Cf 

By- Cf 



(2.4) 



where 

Ar = Xr'p'^, Br = Xr'P^ , Cr = —Xrfr ~ l^f^ ■ (2-5) 

In our computations we will need various other connections compatible with 
the above metric. For t G (0, 1] consider the bundle isomorphism Lt : TN — > TN 
described locally by 

C'-^tC, Ci'-^Ci, « = 1,2. 

Clearly Lt defines an isometry {TN, hrt) —>■ {TN, hr), for all r > and all t G (0, 1]. 
This implies that the connection 
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is compatible with the metric hr. A simple computation shows that the 1-form 
associated to this connection by the frame {Cr,CiX2) is 



Xrtip"^ 
-XrtLp^ —Xrt^Lp. 



Xrtip^ 



Kip 



(2.6) 



The connection V^'* a connection V*"'* on (Cr)"*" = vr*rS. Denote by the Levi- 
Civita connection on S. The formulae (|2.5D and (|2.6|) imply immediately 



and 



hm V*^'* 



lim V*^'* 



7r*V^, Vr > 



■K*V^,yt > 0. 



Set V°° = 7r*V^. 

The bundle (<^)^ has a natural complex structure locally defined by the corre- 
spondences ifi I— > —Lp2 I— > —ifi- In this way we get a complex line bundle % ^ N. 
It is isomorphic with the pullback of the canonical line bundle Ky, of the base. Once 
we fix a spin structure on S the Levi-Civita induced connection defines a natural 

— 1/2 

holomorphic structure on K-^ . In [N] we showed that this induces a spin structure 
on with associated bundle of spinors 

The Clifford multiplication is described explicitly in Appendix D. We only want to 
mention here that our choice is such that the Clifford multiplication by the volume 
form on N is equal to —1. This agrees with the conventions of [BC]. 

Note that the /ir-compatible connections V^'* define a 2-parameter family of 
Dirac operators D^.t on S. To explicitly describe their form introduce as in [N] the 
following operators. 



-la 



Xr 









where (locally) 
and 



= 2-1/2(^1 + i^2) 

The computations in [N] show that 

Dr,t = Zr+T + 



(V^ + iV^ 
(V^-iVg). 



(2.7) 
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We set 



r,t \t=l 



and 




~2 



(2.8) 



The goal of this paper is to compute r/(Dr) and r]{Dr). 

We conclude this subsection by listing properties of the spectrum of as r — >^ 0. 
Their proofs can be found in [N]. 

Proposition 2.1 (a) For all r G (0, 1] 



(b) There exists ro > and zq > such that for all r G (0, vq] the only eigenvalue 
of Dr in {—zo,zo) is 0. 

§2.2 The eta invariant of the spin Dirac operator In the sequel we assume 
£ i.e. iV is a nontrivial circle bundle. 

As we mentioned in the introduction, the key step in our computation oi rjr := 
rj^Dr) will be the adiabatic result of Bismut-Cheeger [BC] in the more accurate 
form of [Dai] . Instead of formulating the most general version of their result (which 
would require a large preamble) we state it for the special case we have in mind. 
Fortunately, in this case concrete computations were performed in [Z] and [DZ] . Set 
rjo = limr-^o'?r-- We then have the following result. 

Theorem 2.2 The adiabatic limit exists and moreover 



where c G if^(S,]R) is the Euler class of the bundle N and the summation is 
carried over all nonzero eigenvalues fj, of which are of size 0{r) as r 0. 

Using the Taylor expansion 



dimkerD^ = 2hi/2 := 2dimii"°(S,ifV2). 



Vo = - 




tanh(c/2) - c/2 
ctanh(c/2) 



+ ^sign/x 



tanh X = X 



-y + 0(x^) 



and the fact that A(i;) = 1 we deduce 



A(V^) 



tanh(c/2) - c/2 
ctanh(c/2) 



= -c/12. 



17 



Since 2),. = Dr + ^ we deduce from Proposition ^TT] that for < r <C the 
only nonzero eigenvalue of 2)^ which is of size 0(r) is Xr/2 = —r£/2 and it has 
multipUcity dimkerD,.. Putting ah the above together we deduce 

r/o = ^/6-2sign(£)/ii/2. (2.9) 



Let ro as in Proposition 2.1. For every < r <C set = ^i^^r)- Note that ^r- = 
^rjr since by Proposition 2A kerD^. = if r <C rg. Finally, denote = limr-»o?r- 
From the equality (|2.9|) we deduce 



Co-Cr = i/l2-sign{e)hy2-&, Vr«ro (2.10) 

On the other hand, as explained in subsection 1.3, for all < p < r ^ tq the 
difference — can be expressed as the integral of an A-genus form. There is 
no spectral flow because the operators 2),. are invertible for < r ^ tq. Following 
the prescriptions at the end of subsection 1.3 one obtains the following result. (For 
details we refer to Appendix A.) 

Lemma 2.3 (First transgression formula)For all < r <C t-q we have 

lim(ep-e) = -^(£V-xr2) 

where x = x(S) = 2-2g. 

By combining all of the above we get the following result. 

Theorem 2.4 For all < r ^ ro we have 

1 £ £ 

^Vr = ^r = sign (^)^i/2 + Y^i^'^'^^ - Xr^)- 



§2.3 The eta invariant of the adiabatic Dirac operator In this subsection 
we take up the computation of the eta invariant of Dr- We rely on our freshly 
acquired knowledge of ^(2),.). 

The Dirac operator 2)^ is associated to the Levi-Civita connection V while Dr 
is associated to the connection V^'^ = lim^^o V'''*. Set r = (1 — i^). Then, using 
( ^ ) and (|2^) we get a path 

Dj-,T — 2)f. ^ 

such that 2)j.^o = 2)^ and 2)^,1 = -Dr- Set = ^(2)r,T)- Using the variational 
technique described in §1.3 we deduce 

6=Co + SF(i),,,.;rE[0,l])+ / r^(V^''0, V^'^). (2.11) 

Jn 
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To compute the spectral flow note that according to Proposition 2.1 the operator 
Dr,T has a kernel only for r = 1. In this case, the kernel has dimension 2/1^/2 • Using 
( |1.5| ) of §1.3 we deduce 

As for the transgression term, it is described in the following lemma whose proof 
can be found in Appendix B. 

Lemma 2.5 (Second transgression formula) 

I 



•2 4 2\ 

r -xr ) 



Jn 12 
Putting together all the above we obtain from Theorem the following result. 

Theorem 2.6 For all < r ^ 1 we have 



Note that ^{Df) is independent of r !!! In hindsight, this should not be so 
surprising if we think that was obtained after the adiabatic deformation in ( p.8D . 
Notice that £,{Dr) still "remembers" it came from a fibration due to the term ^/12. 
The geometry of the base is reflected in the term /ii/2- Remarkably, ri(Dr) = 
Thus the base S is "invisible" to the eta invariant of Dr III 

§2.4 The eta invariant of the coupled adiabatic Dirac operator Let us 

begin by recalling that the Gysin exact sequence implies that 

H^{N; Z) ^ TT*H^{^; Z) © //^(S, ; Z) ^ Z|^| © Z^^. 

Consider a complex line bundle L ^ N such that ci(L) = k £ Z|£|. Such a line 
bundle can be obtain as the pullback of line bundle Lj^ ^ S of degree /c G Z. Note 
that k is determined only modulo £. A line bundle as above admits flat connections 
and the holonomy of such a connection is exp(27rA;i/^). The collection of gauge 
equivalence classes of flat connections is homeomorphic to a torus T^^. 

These facts were proven in [N] relying on a simple observation which we repeat 
here since it is relevant to our computations. 

Let ^4 be a flat connection on L and set 

B:=A + j^. (2.13) 
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Then i? is a connection with trivial holonomy along fibers and it can be regarded 
as a pullback of a connection on a line bundle Ly, — > S such that ci(Lx;) = /c E Z. 
Now set 

§^ = S ® L = X"^/^ ®L ® X^l'^ ® L. 

By coupling the connection vr* on S with the flat connection A we get a connection 
on Si;, which leads to a Dirac operator Da = DA,r- We call this the adiabatic operator 
coupled with A. 

Similarly, using the connection B on L we obtain two connections on ob- 
tained by coupling B with the Levi-Civita connection and respectively the connec- 
tion 7r*V^. These lead to two Dirac operators, T)B,r and respectively Db,t- The 
goal of this section is to compute the eta invariant of the operator Z?A,r which played 
a key role in [N] in the description of the reducible adiabatic solutions of the Seiberg- 
Witten equations. We will use these eta invariant computations in a forthcoming 
work on Seiberg-Witten equations on manifolds with cylindrical ends. 

The computation of r}{DA,r) for < r <C 1 is performed in three steps. 
Step 1: Compute ^(Ds^^)- 
Step 2: Compute £,{Db,t)- 
Step 3: Compute £,{DA,r)- 

While the first two steps follow closely §2.2 and respectively §2.3, interesting 
new phenomena arise at Step 3. 

Before we carry out the computations we need to review some facts and introduce 
some notations. 

Recall first that if Ly. — > S is a complex line bundle then any connection B on L-^ 
introduces a holomorphic structure on L^. We denote by /ii/2(-^s) the dimension of 

1/2 

the space of holomorphic sections of K^i (8) L^- Using the Riemann-Roch formula 
we deduce 

di\mH^{K]I'^ (E)Ly)- dim H^iK^/^ L) = degLs- 

On the other hand, Serre duality implies dim H^iK^^"^ L) = H^iK^^"^ O L^) = 
^1/2 (^s)) where L|. denotes the dual of L^- Hence 

/ii/2(Ls)-/ii/2(i*) = degLE. (2.14) 



Let A and B as in ( 2.13 ). In [N] we proved the following result. 



Proposition 2.7 (a) For all r G (0, 1] the splitting E>l = X L X^^^ L 
induces a splitting of ker D^^^ and moreover we have an isomorphism 

kevDB,r = H^{k]!^ ®L*y)® H^{k]!^ Ls) 
so that dimker Db^t = /ii/2(-^s) + ^1/2 (-^s)- 

(b) There exist ro > and zq > such that for all r G (0, ro] the only eigenvalue of 
DB,r in (-2:0,^0) is 0. 
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With respect to the sphtting §/, = 3C '^^'^ ®L ® %^^'^ L the operator Ds^r has 
the block decomposition Db r = ZB,r + Tb where 



iVf 



and 







B 







Also ©B^r = Db^t + Ar/2. Another important piece of information is a supercom- 
mutator identity established in [N]. In our special case it has the form 



{ZB,r,TB} := Zb^tTb + TbZb^t = 0. 

Step 1 The same argument as in [Z] proves the following result. 
Proposition 2.8 

tanh(c/2) - c/2 



(2.15) 



770 := \\Ta Tf]{T)B,r] 
r— +0 



2 / A(V^) • ch(B) 



ctanh(c/2) 



where ch(i?) denotes the Chern-Character defined in terms of the connection B on 
L ^ S and the remaining terms have the same significance as in Theorem 2.2. 



Proceeding exactly as in §2.2 we conclude (via Proposition 2/7) that 
% = - sign (£)( /ii/2(L£) + /ii/2(Le) ) 
If we set = i{'^B,r) = \vr wc dcducc 



Co - = ^/12 - sign (^) 
On the other hand, we have 

Co - Cr 



V2(-^S) + ^1/2(^S) 



Cr 



(^V-xr*). 
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This follows from the first transgression formula. We can quote this formula since as 
r — > the only constituent of ^B,r that changes is the Levi-Civita connection while 
the coupling connection is independent of r. The degree 3 part of the transgression 
of the index density A A ch.{B) equals precisely the transgression of the A-genus 
which was computed in the first transgression formula. We conclude 



1 ^ 



Sign [i) ■ — — 



+ -^{i'r'-Xr'). (2.16) 
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Step 2 Now we "transgress" from D^^r to Ds^r using the same deformation (D^^,.^,-) 
as in §2.3. As in that case we have 

C{DB,r) = ai^B,r) + SFi'DB.-y, < T < 1) + / rA(V^-0, V^'^). (2.17) 

JN 

Again there is no transgression term coming from the couphng which does not change 
as r runs from to 1. 

The spectral flow contribution occurs only at r = 1 and using Proposition 2.7 
we determine it to be 

SF{Vs,ry, < r < 1) = I ^V2(^£) + /^i/2(iE) , ^ > ^2.18) 

The transgression term is given by the second transgression formula. Putting all 
the above together we deduce 

Note that 

V(.DB,r) = (2.20) 

Surprisingly, r]{DB,r) carries very little geometrical information. The extreme gen- 
erality of the Bismut-Cheeger-Dai theorem may obscure some beautiful symmetries 
responsible for ( p. 20 ). We refer the reader to Appendix C where we have included 
an elementary derivation of this equality which works in the more general context 
of Seifert manifolds and we belive contains several illuminating informations. 

Step 3 Finally we compute ^{Dax)- In the remaining part we will assume k E 
Z n (0, \£\). Note that if /c = then Dat = DB,r and there is nothing to compute 
in this case. Hence we have to consider only the case < k < i. 

The equality A = B — suggests using the path of connections 

Bt = B + tB, B = -jipr. 
We have (omitting the r-subscript for brevity) 

aDA)=aDB) + SF{DB,)+ f T{AAch){Bi,Bo). (2.21) 

JN 

This time A is fixed and only the coupling connection changes. We have the following 
result. 

Lemma 2.9 (Third transgression formula) 

k^ 



J^T{AAch){Bi,Bo) = -. 
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Proof of the lemma As we mentioned before, the only part which contributes 



to the transgression is ch through its degree 4 component ^^^^f*^ . For an arbit: 



rary 



connection V on L we have 

cf(V) 1 
2 87r2 

Thus in our case the transgression is 



F(V) AF(V). 



A simple computation shows 



tki 



= Fb + tdB = Fb- —-dip = Fb + 2tkiip^ A 99' 



BAFb, 



- — if AFb + —^^ A if' A if. 



Hence 



Tch 



ik 

4^ 



if AFb 



47r2£ 



k iFb fc2 



if Aip^ Aip'^ 



The lemma follows integrating over N and using the equalities 

/ ^ = degL = A:, / <f = 2Tr, [ ip A Lp^ A Lp^ = lix'^ . □ 
hase 2tt J fiber JN 



To compute the spectral flow in (2.21) we need to go deeper inside the structure 
oi DBf We have 



D 



Bt 



ZBt,r + Tfit 



Note that Tg^ = Tb since T involves only derivatives along horizontal directions 
while Bt changes only in the vertical direction. As for Zst^r we have 



ZBt,r — ZB,r 



iVl + itB{Cr 







-iV£ - iWiCr 



ZB,r + - 

r 



k/£ 

-k/e 



Denote the "matrix" above by ^ and set Zb := ZB,r=i- Using the equality Cr 
r~^( we deduce 

ZB,,r = -{ZB + m). 
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Observe now that both Zb and anticommute with Tg so that 



1 

In particular, this shows 

hsi DBt,r = ker ^ = hsi^Zs + r^) n ker Tg. 

Since < /c < |^| we see that ker Z^ + t^H = (0) if t G (0, 1]. In other words, the only 
contribution to the spectral flow arises at t = 0. Denote by {ni{t)} the eigenvalues 
of DBt,r such that /ij(0) = 0. There are dimkerD^.r such eigenvalues and denote 
by (T_ the number of those such that /ii(0) < 0. The spectral flow is then —a-. 
Determining the eigenvalues may be a complicated job. We follow a different 
description of cj_ given in [RS] . 

Set Eq = kevDB^r, denote by Pq the orthogonal projection onto Eq and define 
the resonance matrix R : Eq ^ Eq hy 

R = PoDBt,r \t=0' Eq Eq. 

Clearly R is nondegenerate and, as explained in [RS], (t_ can be identified with 
a-{R) which is the number of negative eigenvalues of R. This number can be 
determined using the explicit description of ^ and Proposition |2]^ (a). We deduce 



SF{DB,,r) = -C7- 



Using the third transgression formula and the equalities ( p. 21 ), ( p.l9 ) we finally 
determine 

^(^A)=-^ + ^ + signW = - + - -sign (2.22) 

Again S,{DA,r) is a topological quantity!!! 

Remark 2.10 The spectral flow computation in Step 3 used in an essential way 
the fact that k G (0,£). In fact, if we started with a different k' = A:mod £ then the 
computations at Step3 would be affected in both the transgression term and in the 
spectral flow term ( which would now have several contributions). One can verify 
easily that these changes cancel each other so that the final result is independent of 
the choice of a residue of k mod £. 

3 Finite energy Seiberg-Witten monopoles 

Throughout this section, a hat over an object will signal (unless otherwise indicated) 
that it is a 4-dimensional geometric object. 
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For example, if iV is a 3-manifold then on the tube M x iV there exist two exterior 
derivatives: the 3-dimensional exterior derivative d along the slices {t} x N and the 
4-dimensional exterior derivative d so that d = dt A dt + d. If A{t) is a family of 
connection on some vector bundle E ^ N then we get a bundle E ^ x N and 
we can think of the path A{t) as a connection A on E. Wc will denote by i^A{t) the 
curvature of A(t) on the slice {t} x A'' while will denote the curvature of A on 
the tube. 

§3.1 The 4-dimensional Seiberg-Witten equations Let N denote an ori- 
ented 4-manifold {not necessarily compact), equipped with a Riemann metric g. 
Denote by $ the Hodge star operator defined by the metric g and the orientation of 
N. Fix a connection V on TN compatible with g. V need not be the Levi-Civita 

connection. 

Denote by SpindN) the collection of isomorphism classes of spirf^ structures on 
N. For each a G Spi7f{N) we denote by deta the associated line bundle and by 

§CT = Sg. © the associated bundle of spinors. Note that det a = det S^. . 

Denote by Slo- the space of hermitian connections on E)^ compatible with both 
the Z2-grading and the fixed background connection V. More precisely, A € 2l^(iV) 
if for any a G Q^{N), any X G Vect (A^) and any G C°°{E>a) we have 

Vi(c(a)V') = c(Vxa)V' + c(a)V^V' 

where 

c : T*N Hom(§^,Sr) 

denotes the Clifford multiplication. Any connection on dettj determines a connec- 
tion in 2lo- and moreover, once we fix a connection Aq G 21^ (iV), we can identify 
215- (iV) with iO^(A/"). To any connection A G 21a- (iV) we can associate the Dirac 
operator 

z)^:r(§+)^r(s:) 

defined as the composition 

r(§^)^r(r*7v®st) Ar(§:). 

There is a natural quadratic map 

g:r(§t)^End(§J), ^ t{^) 

defined by 

In terms of Dirac's bra-ket notation r(V') can be alternatively described as 

g((V'|) = |V;)(V'|-^(V'lV')- 
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Figure 5: The background manifold N 

Note that for each ip the endomorphism t{iJj) is symmetric and traceless (see Ap- 
pendix D). 

The quantization map from the exterior algebra to the Chfford algebra extends 
the Clifford multiplication to a map 

c : A*T*N End 

This map has the property that c(a;) is a traceless, skew-symmetric endomorphism 

of S^. for any ^-self-dual real valued 2-form lo. 

The Seiberg-Witten equations (associated to the spin'^ structure a) are equations 
for a pair ('(/', A) = (spinor in connection in ^H^{N)). More precisely, they are 



(SW) 



= 
c(F+) = r(^) 



In the remaining part of this subsection we will make further additional as- 
sumptions on the geometry and the topology of N and explain how this affects the 
Seiberg-Witten equations. 

More precisely, assume the manifold N can be decomposed as 

iV = iVo U [0, oo) X iV 

where iVo is a compact oriented 4-manifold with boundary SNq = N . We will denote 
by t the longitudinal coordinate on the cylindrical part of N (see Figure |5|) . Fix a 
tubular neighborhood (—1, 0] x A'^ of in A^O; a metric g on N and a connection V 
compatible with g, not necessarily the Levi-Civita connection of g. We assume that 
along the infinite cylinder (—1, oo) x A^ the metric ^ is a product metric g = dt^ + g. 
We fix a connection V compatible with g such that along the above cylindrical end 
it has the form 

y = dr ^dt + y . 

We denoted by d-r the ^-gradient of r where r : A^ ^ [0, cxd) is a smooth function 
which coincides with the canonical projection [0, cxd) x A^ — > [0, oo) on the infinite 
neck. 
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Note that the spin^ structure a induces a spirf^ structure a on iV = BNq. Denote 
hy ^ N the associated bundle of spinors and by c : T*N — End (AT) the 
corresponding Clifford multiplication. As in the 4-dimensional case we can define 
2l.(iV). 

Fix a reference connection Aq € ^^{N) which along the neck is gauge equivalent 
to a product connection dt ® dt + Aq, Aq G 2lo-(A^). Now define the configuration 
space (t as the set of pairs (V', + io) := (■0, A)=(spinor, connection) such that 
(^,ia) eLf^^(§eiT*iV) and 

viV' © idr (i^i) e L^i^a e iA^r*iV). 

We denoted by ig^ the contraction by dr- For brevity, will denote the elements of 
C by the generic symbol C. 

Definition 3.1 (a) A finite energy solution of {SWl^) is a solution (■0, A) such that 
(Vi,i-io)G^. 

(b) A Seiberg-Witten tunneling is a finite energy solution on iV = M x A''. 

There is an infinite dimensional group acting on the configuration space, more 
precisely 

e = {7GMap(iV,5i); 7ei^foe} 

The group (8 acts (on the right) on C and transforms finite energy solutions to 
finite energy solutions. Define 

971 := {(■0, A) finite energy solutions of SW}I<&. 

In this section we want to analyze the the Fredholm properties of the deformation 
complex naturally associated to 971 when A?^ is a circle bundle over a Riemann 
surface. In particular we will compute the virtual dimension of the space of Seiberg- 
Witten tunnelings. 

We conclude this subsection with a simple but crucial observation which reveals 
the dynamical feature of the Seiberg-Witten equations on cylinders which perhaps 
will explain the tunneling terminology. 

Note that if we set J = c{dT) then J induces isomorphisms 

^l\N=%\N=^a (3.1) 

and 

c(a) = Jc(Q), Va G J)^(A^) Jl^([0,oo) X A^). (3.2) 

A connection A G ^^{N) is said to be in a temporal gauge if iq^ {A — Aq) = along 
the infinite neck [0, oo) x A^. 
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Assume now that {^p, A) is a finite energy solution of {SW) such that A is in a 
temporal gauge. Along the neck we can write 

^ = ^{t), A = Ao + m{t) 

where = ^ok, ^{t) e r(§<^), a{t) G 9}{N), Mt > 0. Then (along the neck) 



= -{{Fa + *id) +dtA (id + *Fa)} 



(3.3) 



where + (^it) is the connection on the line bundle det a restricted to the slice 
{t} X N, Fa = i^Ao+ia denotes is curvature and * denotes the Hodge star operator 
on N. Aq + ia{t) induces a Dirac operator 

Da = Dait) : r(§^) ^ r(§,). 



Using (3J-) and (3^) we deduce that along the neck 

b^ = J{dt-Va). 



The equality (3^) now implies 

c(Ft) =c(*F„ + id). 

Consequently, along the neck, in a temporal gauge, the Seiberg-Witten equations 
can be rewritten as 

f = Dai^ 

\ ic(d) = g(V')-c(*F„) 



(3.4) 



The right-hand-side of (3^) arises when one considers the three dimensional coun- 
terpart of the Seiberg-Witten equations. 



§3.2 The 3-dimensional Seiberg-Witten equations To formulate these equa- 
tions we need to consider a new configuration space. Fix a connection Aq £ ^(j{N) 
and define 

€ = {(V, A) ■ ii;, {A - Ao) e L''\S^ © iT*N)}. 

For brevity, its elements will be denoted by the symbol C and we will often write 
C = (■0, a) instead of {ip, Aq + io) whenever no confusion is possible. There is an 
energy functional £ : — > R defined by 

£(V', A) = ^ f aA{FA,+FA) + \ f T)A^)dvg. (3.5) 
2 Jat 2 Jn 

The gauge group 

(S = {7 G Map {N, 5^) ; 7 G L^'^} 
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acts on C and moreover 



Eij-^ ■i^l^,A))-^{iJ,A) = - j-^dj A Fa, = 27ri j-^d^Aci{Ao) 

JN JN 

where we denoted by ci{Aq) the 2-from representing the first Chern class of deter 
associated to Aq via the Chern- Weil construction. The L^-gradient of £ is (see [N] 
or [MOY]) 



V^^P,A) 



/(V') - *Fa 



where we tacitly identified q{ip) with a purely imaginary 1-form via the Clifford 
multiplication. The 3-dimensional Seiberg-Witten equations can now be described 
as 

v£(c)=o^| = . 

[ c(*Fa) = q{iJ) 
We see that ( |3.4| ) can be rewritten as a gradient flow equation 

(: = V£(C). (3.6) 

This last equation suggests that as t — > oo C(t) converges to a critical point of 
£. Assuming the finite energy condition this can be proved for arbitrary using 
the techniques of [MMR]. However, unlike the Yang-Mills situation, the nature of 
critical points and the manner in which they are organized are less transparent in 
the Seiberg-Witten case. This is the reason why we will concentrate on a special 
case. 

In remaining of the section N will be assumed to be a degree £ 7^ circle bundle 
over a genus g > Riemann surface S, ^ N ^ T, equipped with the metric de- 
scribed in §2.1 As background g-compatible connection on N we choose the adiabatic 
connection = lim^^o V'^'*, where r is fixed and small. 

The spin^ structures on N are bijectively parameterized by the space of isomor- 
phism classes of hermitian line bundles on N. Fix a spin structure on T, determined 
by a holomorphic square root K^^^. If L ^ A is such a line bundle then the 
corresponding bundle of complex spinors is 

§^ = ^ 2. e X^/^ L. 

Moreover we can identify the connections in 2lo-(A) with the hermitian connections 
on L. The Dirac operator on E>l induced by and a connection ^ on L will be 
denoted by Da- If instead of V'^ we use the Levi-Civita connection of the metric gr 
we get a different Dirac type operator we denote by Da- The operator Da can be 
related to Da by the following simple identity (see Sect. §2.1). 

Da = T>a- Xr/2, Xr = -ri. 
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Both Da and Da have obvious extensions to [0, oo) x given by 



Da = J{dt - Da), Da = J{dt - 



Under these special geometric circumstances the Seiberg-Witten equations can be 
rewritten in a more useful form. 

Using the decomposition §l ^ {X^^'"^ l) {pC^ L ) we can represent 
any section ^ of §_l as V = V'- © Then the Seiberg-Witten equations can be 
rephrased as (see [N]) 



{BaY^- -iVcV4 



1(1^- 






ii"A(Cl,C2) 

e^FAiCi + K2,C) 



(3.7) 



where e = 2 "^/^((/?^ + iv?^) 
Set 



The configurations in (C* are called irreducible. As in [M] one can show that 33 := 
C/© is a metric space and, moreover, 05* = C^*/(J5 is a Banach manifold. This is 
proved using the existence of local slices for the ©-action exactly as in the Yang- 
Mills case. For every configuration C € C we will denote by [C] its image in 

The solutions of ( p.7| ) are explicitly described in [N] and [MOY]. Here are the 
relevant facts. 

Fact 1. If ci(L) is not torsion then ( |3.7D has no solutions. 
Assume now that ci(L) = k (mod £) and define 



= {n G Z ; I < \n\ < g — 1, 



n : 



K mod 



Fact 2. Any irreducible solution {tp, A) of (3^) is gauge equivalent to the pullback of 
a pair {ip, B) where is a connection in a line bundle Ls S such that deg E R^^ 
(so that 7r*Ls = L), ^ = V'- © V'- is a section of C~(i^-^/2 ^Ls © K^I'^®L). The 
connection B defines holomorphic structures in K^'^/'^®L. ip- is an antiholomorphic 
section of L while ^+ is a holomorphic section of K^^"^ L-^. Moreover, 

one of V'- or is zero and satisfy the identity: 



1 



(|V;-|'-|V^+|')dt; = degLs. 
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Thus = if degLs > and ip- = if degLs < 0. The irreducible part (mod 
0), denoted by SDX* consists of #Rk components 

neRn 

The component 3Jln = 93tK,n (corresponds to the choice deg Ls = n) is diffeomor- 

phic to a symmetric product of (g — 1) — \n\ copies of S and thus has real dimension 
2{g — 1 — |n|). Each component is Bott nondegenerate as a critical set. (Pairs 

(ip^ © B) as above arc known as vortex pairs on S.) 

Fact 3. The reducible solutions consist of pairs (zero spinor, flat connection). Mod- 
ulo they form a space SPX^ homeomorphic to a 2g'-dimensional torus. Moreover if 
K ^ (mod tj the reducible part is nondegenerate (in a sense described in [MOY]). 
If K = the reducible solutions can be identified with the thetadivisor Wg-\ inside 
the jacobian Jg_i(S) (see [GH] for a definition of Wg-i). 

Associated to each component 9Jt there is a deformation theory which we now 
proceed to describe. We will concentrate only on the irreducible part C*. Since 
ci (L) is torsion the energy functional £ is gauge invariant and thus it descends to a 
well defined functional 

£ : *8* ^ M. 

The group is a Hilbert-Lie group and its Lie algebra can be identified with the 
space Q := L'^'^{N, IM). The exponential map has the form 

fl9i/^(exp(i/):Ar^5i). 

The tangent space to the orbit O^^a through C = (cf), A) of the right action of is 
the range of the infinitesimal action operator 

= £c : fl ^ X := L^'2(§l) © L^^^{iT*N), if ^ -if © id/. 

The tangent space to 35* at [C] can be identified with the orthogonal complement to 
the tangent space to the orbit Oq and ultimately with the kernel of £jq, the adjoint 
of ^c- An integration by parts shows 

£*(^ © id) = -id*a + i3m{(t),tp), VV- © id G X. 

We can use the affine structure of C to linearize V£ at a given configuration C = 
{(f), A) and we obtain the unrestricted hessian at C 



id 



DaiP + c{ia)(f)^ 
— i * dd + q{(j), ip) 



The term q{(f),ip) is formally defined by the equality 
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where we regard g as a quadratic map q '.El ^ iT*N. 

The stabilized hessian of £ at C = (0, A) is the unbounded operator on L^(Sl ( 
i(Ai e A^)T*N) defined by 



■0 © ia 










V'© id 
















D^V^ + c(id)^ - if(p 

—i*da + idf + q{(t),ip) 
id*a + i3m.{(t),ip) 



In [N] and [MOY] it is shown that if [C] G SDT 

fj n then the kernel of the stabihzed 
hessian !Kc is naturally isomorphic to the tangent space TjcjSDTK.n- Now define 



and V = 'Pcj>hy 









Da 








id 







— *d d 




id 











d* 




i/ 










c(id)(/) - i/(?!) 








id 
















iJm(0,V') 





Note that "Kq = 'Kq{C) is an elliptic selfadjoint operator for any C G and "Kq = 

3^0 + 'P<t>- For every C G C define SF±{C) G Z as the spectral flow of the path 
ib(IKo(C) + tV^), t G [0, 1]. The next subsection is devoted to the computation of 
SF{C) when [C] G 2JlK,n- For the reducible component = and this problem is 
trivial. 

Define now for later use the resonance matrix. This is the quadratic form TZ on 
ker !Ko defined by 

7^S = 7^^E; = ProjT'^S, S = ^ © id © i/ G ker JCo 

where Proj denotes the orthogonal projection onto kerlKo- Note also that for 

[c] G m^,n 

ker ^Co([C]) = i7°(KV2 _ ^ H^{K^/^ + L^) e M) © i?°(E, M) 

where Ls is the holomorphic line bundle on S determined by [C] as in Fact 2. 



§3.3 Spectral flows and perturbation theory Fix [C] = [0, A\ G SOTr „. 

Assume for simplicity that n < so that cf)- = 0. Denote by Ls holomorphic 
line bundle on E (degLs = n), B the induced connection on Ls and by 0+ the 
holomorphic section of K^/"^ (g) Ls determined by [C]. The computation of S'F+([C]) 
is carried in two steps. We consider only the spectral flow SF^. Also for simplicity 
we will write L instead of Ls, and (p instead of 0. 
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Step 1 Along the path t !Kt := IKq + tV, t G [0, 1] there is no spectral flow 
contribution for t 7^ 0. 

Step 2 Compute the spectral flow contribution at t = 0. 

Note first that t "Jit is an analytic family of selfadjoint operators with compact 
resolvent and thus by known perturbation results (see [Kato], Thm. 3.9, Chap. 
VII) the eigenvalues and the eigenvectors of this family can be locally organized in 
analytic families. To complete the first step it suffices to show that dimkerlK^ is 
independent of < f < 1. 

To this aim consider as in [N], Sec. 4.2, the following elliptic complex 

(V[c]) : ^ i^^°(s) r(L ® k^I"^) e ini(s) ^ r(L ® k-^I"^) e inO(s) ^ o. 

where 

Uda-\VfKt 

id"'^ component is the i^~^-component of id corresponding to the orthogonal de- 
composition r*S (g) C = K © . I is the infinitesimal action 

if^{-if^+,B + idf). 

In Sec. 4.2 of [N] it is shown that = ^^(%]) = and 

dimRiJi(F[c]) = -indR (F[c]) = dim93T«,„. 

Arguing exactly as in Sec. 5.6 of [MOY] one can prove that 

kev3it^H\Vic]), ViG (0,1]. 

In particular, if S = © id © i/ G ker !Kt, t > then / = 0. This concludes the first 
step in our program. 

Step 2 Before we embark in the computation of the spectral flow contribution 

at t = we need to survey a few facts pertaining to perturbation theory. 

As we have already mentioned, the spectral data of !Kt can be organized in 
families depending analytically upon t. Denote by Z the set of all pairs {X{t),E{t)) 
where X{t) is an eigenvalue of !Kt, S(f) is a (length 1) eigenvector corresponding to 
X{t), A(0) = and the dependence 

t^{\{t),E{t)) 

is analytic. Clearly, #Z = dim!Ko. For every (A(i), S(i)) we have Taylor expansions 

X{t) = X^f" + ■ ■ ■ , X^^O 
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E{t) = Eo + tEi -\ , HoSkerlKo, HHqH = 1. 

The integer u is called the order of the pair (X{t),E{t)). A pair is called degenerate 
if its order is > 1 and nondegenerate if it has order l.Set 

Z* = {{X{t),E{t)) & Z ■ A(i)#0}. 

The complement Z\Z* is determined (according to Step 1) by ker !Kt {t > 0) and 
thus 

= dim ker IKq — dim ker iKi . 
The spectral flow S'F+([C]) is then determined by 

SF+{[C]) = -#{(A(i), E{t)) eZ*-K< 0}. (3.8) 

To determine this integer we will distinguish two cases. 

The nondegenerate case v = 1. The equation 'KtE{t) = \{t)E{t) implies 

3^0"0 = 3^0"! + VEq = AiSq. 
This shows that Ai is a nonzero eigenvalue of the resonance matrix TZ and moreover 

sign Ai = sign {TIEq, Eq). (3.9) 

In particular, the contribution to the spectral flow of the nondegenerate pairs is 

equal to the number of negative eigenvalues of the resonance matrix TZ. Thus we 
need to better understand the structure of the resonance form 

Q(S) = (7^S,S), SGkerJfo- 

Any E G ker JCq decomposes as 

S = e ia e i/ 

where ip = tp- (B ip+ ^ ker Da, a G n^{N) is harmonic and / is constant. All these 
objects are pulled back from the base and moreover 

• ^_ G H^iK^'"^ -L),i)+e H^{K^I^ + L). 

• ia = \(uj-uj), uj G H^{K). 

With these observations in place we have the following result. 

Lemma 3.2 

Q{E) = 2V2/Jm(<^+, - ^c(^_0+a;). 



34 



The proof of this lemma can be found in Appendix D, equahty ( p.4| ). 

We see that (up to the positive factor 2^/^) the resonance form is the direct sum 

of 

(a) a quadratic form Qi on M H^{K^/'^ + L) 

Qi(/e^+) = /3m(0+,V'+). 

(b) a quadratic form Q2 on H°{K^/^ - L) ® H^{K) defined by 

Q2{i'-®(^) = -^He(v"_(A+cj). 

If we denote by dim-t the dimension of the positive / negative eigenspace of a quadratic 
form then 

dim_ Q = dim_ Qi + dim_ Q2- 
The negative eigenspace of Qi. Set V = H'^{K^/'^ + L) and ei = </)+. Then 

^l{u,v) = 3xti{u,v) , u,vGV 
is a symplectic form on V. Qi is the quadratic form on M © 1/ defined by 

Qi{f®v) = f^{ei,v) 

To determine its negative eigenspace extend ei to a symplectic basis ei, 62, • ■ ■ 62^-1, e2d 
where d = dime V . If f = vjej then 

Ql{f®v)=fv2. 

This can be easily diagonalized and we get 

dim_ Qi = l = dim+ Qi (3.10) 

and 

dimkerQi = 2dimcF - 1 = 2ho{K^/'^ + L) - 1 = 2/ii/2(L) - 1. (3.11) 
The negative eigenspace of Q2. Consider the multiplication map 

m is obviously injective. (The implied inequality (XmiH^{K^/'^ — L) < (MmH'^{K) 
is also a consequence of the classical Clifford theorem.) Set V = H^{K) and U = 
Range m. Q2 can be rewritten as 

(52(V',w) = -9^c(m'(/i,a;) 
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and thus it can be regarded as the quadratic form on U (BV 

Q2{u®v) = -^Rc{u,v). 
This can be again easily diagonaUzed and leads to the equalities 

dim_ Q2 = diniR U = 2hi/2{L*) = dim+ Q2 (3.12) 

dimkeiQs = dimn H^{K) - diniRt/ = 2g - 2hi/2{L*). (3.13) 
Summarizing, we deduce the following. 

A. The spectral flow contribution of the nondegenerate pairs in Z* is 

-l-2/ii/2(-L). 

B. The number of degenerate pairs {X{t),E{t)) G Z is equal to 

dimRker7^ = 2hi/2{L) + 2g- 2/ii/2(-L) - 1 = 2{g - \n\) - 1. 

Recall that dimR,ker IKj = 2(g — 1 — |n|) (if t > 0) and the pairs (A(t),H(i)) span- 
ning ker3-Ct do not contribute to the spectral flow. Hence there can be at most 
dimR ker TZ — dim kern, Dfj = 1 degenerate pairs contributing to the spectral flow. 
The degenerate case 1/ > 1. Set d = dimkerlKi. We have d + 1 degenerate pairs 

{{XHt),E^{t)); k = 0,...,d} 

where the labeling is such that ker IK^ = span^.^^ {E^{t)). Thus we need to determine 
the contribution of the pair (A°(t),H°(t)) to the spectral flow. First we claim that 
this pair has order two. Two achieve this we argue by contradiction. 
Set 

5 = {Ho e Hi ; So G ker 7^, J<oEi + T'Ho = 0}. 
Using the perturbation series 

X°{t) = X^t" + ■■■ i^>3 

x'^it) = 0, yk = i,...,d 

E''{i) = El + E\t + Elt' + ■■■, k = 0,...d 
we deduce that for all = 0, . . . , d 

^oE^ = 
^oEl + VEl = (3.14) 

:koE^ + vE^^ = 
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Thus Hq © G S yk. Taking the inner product with Hq in the last inequahty we 
get 

{VE'l,El) = 0, yj,k = 0,...,d. (3.15) 
Now observe the following elementary fact. Given 

(Ho, Hi), {Eo,E[), {Uo,Ui)eS 

i.e. Eq £ keiV and JCq^i = ^^o^'i = —'PEq then 

(PHi,C/o) = (PH;,C/o). 

Indeed, 

(PHi - PS;, C/o) = (Hi - H'i,P?7o) = 
since Hi — H'l G kerIKo and "PC/q -L kerlKo. In other word, the quantity 

^(Ho©,Hi,?7o©C/i) = (PHi,C/o) 

depends hilinearly only upon Hq and Uq. Thus it defines a bilinear form on kerT^ 
and one can check it is also symmetric. The equality ( 3.15| ) implies 



B{ElE'o)=0 yj,k = 0, 



,d 



i.e. B is trivial on kerT^. We will show that this is not the case thus establishing 
that the order of A°(t) must be 2. 
Let 

^ 0©(/>, 





■=0 



G ker [Kn. 



Using the identity (D^) in Appendix D we get 





VEo 







G ker JCo . 



where if is the global angular form on N. Hence Hq G ker 7?.. We have to solve 

^CoHi + VEo = 0. 

If we write Hi = ^/^ © id © i/ then the above equation can be rewritten as 



*dd + df + {(p+l"^^ 
d*a 









(3.16) 
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One can say quite a lot about Si. First note that since is co-closed (Appendix 

D) and / _L {constants} we conclude that / = 0. We deduce 

: If-''^ (3.17) 

The above equation has an unique solution d orthogonal to the space of harmonic 
1-forms. It is given explicitly by 

a = -^l</'+lV (3.18) 
Taking the inner product with a of the second equation of ( |3.16| ) we deduce that 

e(Ho) = (Hi,PHo) = -(:KoHi,Hi) 

{*da,a)dvN = [ \(l)+\'^{f,d)dvN = -^ [ {(p+l'^dvN- 
N Jn Jn 

We conclude from ( ^.ISD that 

B{Eo) = -signl (3.19) 

This shows that B is nontrivial. Since B can have at most one nonzero eigenvalue 
the above equality shows that this eigenvalue has the same sign as —i. If we now 
use the perturbation equations for A°(t) we obtain 

3^oHg = 
IKoHO + PHg = 
[ 3<oSO + PH? = AO-o 

We deduce 

signA^ = sign (PS?, Hg) = sign ^(5°) = -signl 

Thus the degenerate part contributes to the spectral flow only when I > 0. 

We can now assemble all the informations we have collected so far in the following 
result. 



Theorem 3.3 



-2-2h,/2iL*) , ii£>0 

+ \ -l-2/ii/2(L*) , if£<0 

j -2-2h,/,{L*) , iff <0 

1 -l-2/ii/2(L*) , if£>0 



Remark 3.4 We have considered only the case [C] € ^X^K,n with n < 0. The case 
n > can be approached by entirely similar methods and can be safely left to the 
reader. The corresponding formute can be obtained from the above by making the 
Serre duality substitution L ^ L* . 
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Figure 6: Multiple cylindrical ends 



§3.4 Virtual dimensions In this final subsection we will show how one can 
use Theorem |3.3| to compute virtual dimensions of finite energy moduli spaces. We 
will rely heavily on the techniques of [MMR]. 

Consider a 4 manifold with a cylindrical end isometric to [0, oo) x where 
is disjoint union of nontrivial circle bundles {Nj ; j = 1, . . . ,m} of degrees ij over 
Riemann surfaces Sj of genera gj > 1 (see Figure g Fix spin structures on each of 
the Riemann surfaces T,j which induce by pullback spin structures on A'^-. Next fix 
a spin'^ structure a on iV which induces spin'^ structures aj on Nj. Set 

a = Y[aj. 

The metric and compatible connections on the end of N are prescribed as in dicated 
in §3.2. This means that as background connection on A^ we use the adiabatic 
connection V*^. Consider a finite energy solution C = {(j),A) of the Seiberg-Witten 
equations associated to the structure a and we assume that along the neck it is in 
temporal gauge 

The techniques of [MMR] work with no essential changes in the Seiberg-Witten 
context and show that [C(t)] converges to [Coo] S fXJla, where by QJto- we denoted the 
Seiberg-Witten moduli space determined by the spin'^ structure a on A^. The first 
conclusion we draw from this fact is that a must be a pulled back spin'^ structure 
since otherwise 27lo- = 0. Suppose this is indeed the case. 
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The moduli space SDto- is a disjoint union 

and thus the asymptotic hmit is a collection 

[Coo] = ([Ci],---,,[C^]). 
Assume first that all the configurations Cj are irreducible 

Cj G 9Jl«.,„.((7j). 

Again, to reduce the accounting job we consider that nj < Vj. The irreducibility 
condition implies that [C{t)] converges exponentially to its asymptotic limit. 

Wc are interested in describing a neighborhood of C in the moduli space of finite 
energy solutions and we will begin as in [MMR] by studying a simpler problem. 

Define 9Jl([Coo]) the moduli space of finite energy solutions with asymptotic 
limit [Coo]. We want to understand the structure of a small neighborhood of C G 
SDT([Coo])- More precisely, we would like to compute the virtual dimension of such a 
neighborhood. This is achieved using Kuranishi's deformation picture of the moduli 
space which requires a suitable functional framework. Since the convergence to the 
asymptotic limit is exponential one can use the very convenient weighted Sobolev 
spaces L^P where is a very small positive number. The resulting deformation 
complex can be described as in Chap. 8 of [MMR] and is 

^ Xo ^ Xi ^ X2 ^ 0. (3.20) 

where Xq is the Lie algebra of the group of gauge transformations on N exponentially 
converging to 1 along the neck 

Xo = L^2(iA°r*iV) 

Xi is the tangent space to the space of configurations of the 4-dimensional equations 

Xi = L^2(§+ iA^T*N) 
X2 is the space of "obstructions" 

X2 = Li;2(§:©iA^r*iV) 

L = is the infinitesimal gauge group action at C and sw is the linearization at 

C of the S'ly-equations on N. 
We can now form the operator 

dy,:Xi^X2® Xq, d^ = sw® t*" 
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where *™ denotes the L^-adjoint of L. This is an elhptic operator and a computation 
d la [MMR] (Chap. 8) shows that along the neck it has the APS form 



where 



a, 



if 



Ow = something x (Vt — 



DatP + c{ia)(f> - if 

—i*dd + idf + q{cj), ip) 
\d*a-2wif + v3vx{(j3,'ip) 



and [0, A] = [Coo]- Note that !Ki(Coo) = C«) |«)=o- is a Fredholm operator and 
its index (over M) is equal to the virtual dimension of a small neighborhood of [C] 
in 97t([Coo])- Remark L6 at the end of §1.3 shows that the index of Ow is equal to 
the APS index of 6^. 

Denote by A the anti-selfduality operator on N 

A = d+®d* : m'^{N) iJ]2(iV) m^{N). 

Using the connection A and the spin'^ structure a we can form the Dirac operator 

Along the neck the direct sum = © A has the APS form 

J\f = something x (Vt — iKo(Coo)^ 
Using the excision formula ( |1.13 ) in Remark L6 we deduce 

indAPsiOyj) = mdAPsi^T) - SF{^o ^ ^i) - SF{^i ^ O^) (3.21) 

where SF{A B) denotes SF{A + t{B - A), t £ [0, 1]). Ah the indices and the 
spectral flows above are real quantities. 

We now proceed to determine the three terms in the right-hand side of the above 
formula. 

Corollary D.3 shows that the third term above vanishes. The second spectral 
term can be rewritten as 



SF(5{o^^{i)=^SF+([C,]) 



(3.22) 



We denote by pasd (resp. pdir) the index densities of A (resp. D^) 

Pasd = -Ue{N)+UN)). 
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where e(A^) and L(A^) denote respectively the Euler and the L-genus forms on N 
constructed using the Levi-Civita connection. Also 

Pdir = 2A(V°) Aexp(^ci(det,T)) 

where on det a we used the connection induced by A. The factor 2 appears since we 
are interested in the real index of D. The A- genus form is computed using the metric 
compatible connection V'^ which along the neck has the product form dt® dt + V^. 
For simplicity, set c{A) = ci{deia). 

On a 4-manifold the above equality has a simpler form 

p,,, = i(c(i)2-L(vO)). 

The ^ invariant of !Ko is the sum £^{A\n) -\-'^^{Da) (the factor 2 is present for reality 
reasons) . 

^(^o) = -(dimRker Jfo - Vsign + 2r]{DA)) 
where r]sign denotes the eta invariant of the odd signature operator. We deduce 

indAPsiJ^) = / (Pasd + Pdir) " C(^Co) 

Jn 

= 4 ^ - K/« 4 /. <-<-^' - "^(^"o 

1 

-- dimR ker CKq - 
= -{x{N) + sign {N))/2 + \i {c\A) - L(VO)) 

- Y: dime ker Da, - \ Y.{2g, + 1) - i ^ 
j j j 

Using and we deduce 

ind(O^) = -l(x(iV) +sign(iV)) + i / (c'iA) - L(V0)) 
2 4 Jat 

- Y: (dime ker Da, + 5F+([C,])) " ^ E(l + ^9j) - E |- (3-23) 
j j j 

This formula can be further simplified. We can replace the integral of L(V'^) with the 
integral of L(A^) plus a correction term given by the second transgression formula. 
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Assume for simplicity that all components of N have fibers of the same radius r and 
the bases have common area tt. We get 



/ L(V°) - / UN) = - x,r') (3.24) 

JN Jn ^ 6 ■' 



where Xj = 2 — 2gj. Denote by ??j the signature eta invariant of Nj. This was 
computed in [Ko] and [O] and we have 



rjj = -sign {£j) - -^(^^r - xjr ) + y • 



If we set r] = J2 Vj deduce from ( p.24D 

/ L(V0) + - / L(iV) = J2{e,/3 - sign {£,)). 
JN Jn , 



The term 



JN 

is equal to —sign (N) so that we deduce 

/ L(V°) = sign (N) + - sign (£,))). 

J A'' j 

If we use this equality in ( f3.23 ) we deduce 

ind(a^) = i / c\A) - i(2x(/^) +3sign(iV)) 
i Jn 4 

- J2 (dime ker Da, + SF+{[q])) - \ ^(25, + 1) - ^ " sign [I,)). (3.25) 

i 3 

To find the virtual dimension dim„(C) of a neighborhood of C in the entire 
moduli space 9Jl we only have to add the dimensions of the asymptotic limit sets 
dim3JlKj,nj = 2(5'j — 1 + Uj) (recall that we have assumed Uj < 0). 

dim,(C) = - i c\A) - i(2x(/^) +3sign(iV)) 
4 Jat 4 

- ^ (dime ker i^A, + SF+{[Cj])) 
3 

+ \(2g, - 1) + 2 ^(n, - 1) - i Y.^i^ " ^ign (^.))- (3-26) 
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We can now use Theorem |3.3| in the form 

SF+{q) = -l-2h,/2{L*)-ej 

where ^ 

Sj = -(l + sign(£j)). 

Since dimcker = hi/2{Lj) + hif2{L*) we deduce 

dime ker L>Aj + SF+{[Cj]) = hi/2{Lj) - hi/2iL*) - 1 - ej = - 1 - ej 

Using this in ( |3.26| ) we get 

dim,(C) = i / c2(i) - i(2x(iV) +3sign(iV)) 
4: Jn 4 

+ E(^J- + - 1) + ^ E(2* - 1) - ^ Jli^J - sign (^.O) (3-27) 
j j j 

If we define the boundary contribution of the asymptotic hmit [Cj] by 

/3([C,]) = (e, + nj - 1) + i(25, - 1) - ^(^, - sign {£,)) 
then we can rewrite formula ( 3.27] ) as 

dim,(C) = \J^ c\A) - \{2x{N) + 3sign(iV)) + J2P{[Cj]). (3.28) 

The first two terms in ( 3.28| ) represent formally the expression which computes 
the virtual dimension of the Seiberg-Witten moduli spaces on a closed compact 
4-manifold. 

We can now apply this formula to the special situation of tunnelings. In this case 
N = Mx and thus m = 2, gi = g2 = g, ii+h = 0. Moreover sign (N) = x{N) = 0. 
The equality ( ^^271) gives the virtual dimension of the space of tunnelings between 
27lK,rai (at — oo) and SOT^^^ (at +oo). Denote this dimension by r(K;?ii,n2). We 
have 

r(K;ni,n2)= / c{a)'^ + ni + n2 + 2g - 2. 
Jn 

The integral term can be computed via transgression exactly as in the third trans- 
gression formula. It suffices to pick arbitrary [Cj] = [(/)j,^j] G , j = 1,2. and 
an arbitrary path of connections A{t) such that A{0) = Ai and A{1) = A2. We 



choose Aj such that 



27r ■' IT 



and 

A2- Ai = lap 
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where c = (n2 — n\)ll. A(€) will be the affine path A\ + txc^p. (The connection 
on det(T win be since detS^ = L^)). We get a connection A on [0, 1] x A^. A 
computation entirely similar to the one in the third transgression formula leads to 
the equality 



[0,1] xAf 



Thus we get 



T{K;ni,n2) 



+ m + n2 + 25 - 2. 



This agrees with Corollary 1.0.5 of [MOY]. (In the notation of [MOY], ej = nj+t^— 1.) 

We have omitted from our discussion the case when one (or several) asymptotic 
limits [Cj] is reducible. The degenerate case, — 1 = (mod ^j), requires special 
care and will not be discussed here. In the remaining cases the problem is actually 
simpler than the case dealing with irreducible limits. 

First of all the convergence to such a nondegenerate reducible continues to be 
exponential and thus we can use the same functional framework as above. Assume 
for simplicity the boundary has only one component. We have to compute the APS 
index of a new operator which along the neck has the form 



where this time 



a, 



'\\)®'\a 
if 



something x (Vt — Ow) 

—i* da + idf 
id*d — 2wif 



(The spinor part </> of the asymptotic limit [C] = [(t),A\ is zero and thus = 0.) 
Thus 

indap,(0^) = indaps{M) - SF{Oo ^ O^). 

The spectral flow contribution is easy to determine. The only eigenvalue of Otw 
contributing to the spectral flow is —2wt\t=o with a single eigenfunction ^©ia©i/, 
where = 0, id = and / = 1. Hence 

indapsiOw) = mdapsiM) + 1. 

The index of M can be determined as above using instead the eta invariant of the 
adiabatic operator coupled with the flat connection A determined in §2.4. The 
nondegeneracy condition also implies kerD^ = 0. Hence this eta invariant is twice 



the ^-invariant in ( 2.22 ) so that 

viDA) 



- + — - Ksign {£). 
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We deduce (using diniRker ^Cq = bo{N) + bi{N) = 2g + 1) 

■mdAPsiOU = 1 - (x(iV) + sign (7V))/2 + ^ / {c\A) - L(V°)) 

4 Jn 



-1(1 + 25)- ^-^ + /^sign(£). 
Arguing as in the irreducible case we deduce 

ind (6^) = \j^ c2(i) - \{2x{N) + 3sign (TV)) 

-^{2g-l)-\{l- sign (^)) - ^ + Ksign {I). 

To find the virtual dimension of a neighborhood in the entire moduli space VOX we 
proceed as in Sec. 8.5 of [MMR]. We need to add the dimension of the reducible 

limit set (which is a 2g-toi\is) and subtract the dimension of the stabilizer of the 
asymptotic limit (which is S^). We deduce 

dini„(C) = \j^ c\A) - \{2x{N) + 3sign (TV)) 

+ i(25 - 1) - i(^ - sign (£)) - ^ + Ksign (£). (3.29) 
We see that the boundary contribution of a reducible limit is 

/3([Cl) = ^-^^«-f + .sig„«). (3.30) 

We can now easily write the virtual dimension t{k : 0, n)of the space of tunnelings 
from a reducible solution [Ci] to an irreducible one [C2] G WXk, n. It is 

r(K;0,n)= / Tcl{A2, A,) + (3{[C,]) + (3{[C2]). 
Jn 

where T stands for the transgression form. We denote by £ the degree of the bound- 
ary at +00. Then as in the third transgression formula we get 

,2 



/ Tc?(A2,Ai) = -^. 
Jn £ 



Also 

and (using the opposite orientation at —00) 

^/r^ IN 2g — 1 £ — sign(£) 

/3([Ci]) = + — + T ~ "^'^ 

We get 

K? — 'n? 1 + sign U) 
t{k- 0, n) = — + 25 - 2 + n + 
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A Proof of the first transgression formula 



Let < p ^ r ^ 1. The parameter r will stay fixed throughout this section, p 
will eventually go to 0. We have a fixed local frame {C,Ci^C2)- This is not an 
orthonormal frame for either of the metric hr or hp but it is an orthogonal frame. 

We first want to compute the 1-forms associated by the above frame to the 
connections V^' and V. We denote them by and resp. Tp. Using the equalities 
( |2.4| ) and ( |2.5| ) we get after some simple manipulations that 

Av92 _A(^i 

—Xip^ —r'^Xip — Kip^ 
r'^Xip^ r'^XifKip^ 



We get a similar result for r,- . Set Ep = Tp — Tr and So 



lim 



En- Note that 





r'^Xip^ r^A(y9 
-r'^Xip^ -r'^Xip 



We have to compute limp^o TA(\/^, V). Note that 



rA(V'',V'" 



967r2 



tr 



.pA [nr + -{dEp + TrAEp 



V ^ ^r) + ^Ep A Hp A Hp 



Above, is the curvature 2-form of the connection V. By letting p ^ in the 
above equality we deduce 

limrA(V^,V') 

= ^tr |ho a (nr + ^{dEo + A Ho + Ho A T,) + ^Ho A Ho A Hq j | . (A.l) 

We now proceed to describe each of the above constituents, one by one. Since 
= dVr + TrA Tr we deduce using (U) and (U) that 



r^A^^jAv?^ 
-X'^r'^ip Aip^ 



-A^r^c^^ A (p 
-(k2 + 3AV)v91 A^2 





Then 



:,0 A Oy. 








* 


* 






* (4A3 




+ AK^r^) 


* 






* 




* 


(4A3r4 + AkV^) 


















dHo = 







2A2r2 




A ip^. 






-Xnr"^ - 


-2A2r2 







(A.2) 
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Then 



Ho A dEo = 
Simple manipulations yield 

Ho A Ho A + Ho A A Ho 



4 



(A.3) 



* * 



* — 2A^r'' * 



3^4 



y?A(^^Av9^. (A.4) 



An immediate computation (eased by the large number of vanishing entries in Ho) 
shows that tr (Ho A Ho A Hq) = 0. By combining ( [A1| ) with ( |A.2D -([A^) we get 



h,nTA(V.V') = -^^, 



(4AV^ + 2AkV2)(^ A A 



1 A ,.2 



The first transgression formula now follows by integrating over N and using the 
equalities A = — k? = 4(5 — 1) and 



99 A A = 27r^. 



N 

B Proof of the second transgression formula 

We have to compute lim^^o T'A(V^''*, V"). As in Appendix A we get 

limrA(V^'*,Vn 

= ^^tr |"0 A {o-r + ^(dHo + ujr A Ho + Ho A w,.) + ^Ho A Hq A Hoj | (B.l) 
where VLr = c^i^r + A 0;^. and (using (^) and ( |2.6D ) 



Hq — Wr,0 — — — A,- 



-ip^ 

— Lf^ —<Pr 



Using ( |2.1[) , (2.2) and (|2.3| ) we get after some simple manipulations 



X^ifr A -Ar'/^^ A ifr 

-\liprf\^ -(3A^ + A 

Xltp^ A 93,. (3A2 + a Q 



Then 



A rjj. — — Aj. 



-2A^ 

* 



-(4A2 + k2^ 



-(4A2 + 



(B.2) 
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Ho A dEo — Xj. 



-K 
-2Xr 

K 2Xr 



* 

* —2Xr 

* * 



^0 A Ho A Hq — 2A^ 



1 * * 

* 1 * 

* * 1 



A A Ho + Hq A Ho A Wr- = -4A;; 



Putting together ( |B.2| )-( |R5[) we deduce 
limTA(V^-*,V^) = -^ 



* 

-2Ar 



if^ A ip"^. 



(^r A A 99^. 



1 * * 

* 1 * 

* * 1 



(^r A (/?^ A ip'^. 



(4A^ + 2K^Xr)pr Aip^ Ap^ 



(4A^r'^ + 2AkV^)(/? Ap^ Aip^ 



967r2 



We now conclude exactly as in Appendix A. □ 



(B.3) 



(B.4) 



(B.5) 



C Elementary computation of the eta invariants 



We include here an elementary derivation of the equality ( 2.20 ). For brevity we 
present a proof only for circle bundles over smooth Riemann surfaces but the ar- 
guments extend to the more general case of Seifert manifolds, i.e. smooth circle 
bundles over Riemann V-surfaces (2-orbifolds). The changes from the smooth to 
the orbifold case are only cosmetic ("orbify" everything i.e. add the prefix V to all 
the intervening geometric objects and use known ^-theorems: V-Riemann-Roch, 
V-Serre duality etc.). 

Our circle bundle equipped with the metric described in §2.1 determines a 
hermitian metric and compatible connection on a degree £ hermitian line bundle 
over S. This connection determines a holomorphic structure and we denote by Lq 
the holomorphic line bundle thus obtained. Consider another line bundle L — > S 
of degree k equipped with a hermitian metric and compatible connection B. The 
connection B determines a holomorphic structure on L and we will denote by h{L) 
the dimension of the space of holomorphic sections. 

Consider now the spin^ structure on N whose associated spinor bundle is 



TT*L e vr*L. 



(C.l) 
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— 1 /2 

In terms of the notations in §2.4 we have = S 3C ' (E) L. Note that E>k makes 
no reference to a choice of spin structure on the base S and thus a similar object 
can also be defined when is a Seifert fibration over a not necessarily spm-orbifold. 
This is very similar to the case of spirf structures over (even dimensional) almost 
complex manifolds. 

Using the pullback of B on 7r*L, the pullback of the Levi-Civita connection on 
Ky, to % and the adiabatic Levi-Civita connection lim(_»o V^'* we obtain as in §2.4 
the adiabatic Dirac operator D = Db- For each /i G M define 

Vfj, = ker(/x - D), = dim Vf,. 

We want to compute the eta function of D 

Recall (§2.4) that D has a decomposition D = Z + T. Now define 

Efj, = {v eV^] ZTv = 0}, = dim£;^. 

Denote by Ej[ the orthogonal complement of in V^. Since {Z, T} = we also 
have {D, ZT} = and it is easy to check that ZT{E^) C E^^. The definition of E^ 
implies that the induced map ZT : — > E^^ is injective. Thus dimE"^ < diuiE^^ 
and by symmetry dimE^ = dimE^^. Using this in ( |C.2| ) we deduce 

,(.) = '-t-^. (C.3) 

li>0 ^ 

After some elementary manipulation which can be safely left to the reader we de- 
duce that Efj_ is both Z and T invariant. Since {Z, T} = ZT = we deduce that 
Z, T commute as operators on i?^ and moreover, Z + T = D = fj, on E^. Stan- 
dard spectral theory for commuting symmetric operators implies that E^ admits an 
orthogonal decomposition E^^ = (B with respect to which Z and T have the 
block decompositions 





" 


, T = 


' 


" 
















Set = dimF^ and 6^ = dimi?^. We claim that 

6^ = 6_^, V^>0. (C.4) 

Indeed, if V' G B^ \ {0} we deduce Zip = and Tip = ^ip. The first equality implies 
that ip is covariant constant along the fibers of N and thus V is the pullback of 
some section ip on K^^ L (B L — > S. The second equality implies that tp is a 
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/i-eigenvector of the Z2-graded, L-twisted, Hodge-Dolbeault operator d + d* on S. 
The equahty (|C.4| ) is now obvious. Hence 

At this point, the dimensions can be described quite exphcitly. More precisely 
we have 

^ ^ // e Z and = h{K -L- ^Lq) + h{L - fiLo). (C.6) 

Before we prove the above equahty we want to show its impact on the computation 
of r/(s). Using it ( |C.5 ) we deduce 



, , ^ ( h{K - L - fiLo) - h{L + fiLo) ) + {h{L - fiLo) - h{K - L + fiLo) ) 
^(^) = E -s 

-(degL + /idegLo + 1 - g) + (deg L - /i deg Lq + 1-5) 



(Riemann — Roch) = E 



M>0 ^ 

= E ^ = -2^c(. - 1) 

where is Riemann's zeta function. In particular, 

r?(o) = -2ec{-i) 

while by [WW], ({-1) = This agrees with (|2^ . 

Proof of (|C.6D . Let il) ^ F^. We decompose ip = a (B P using the splitting ( C.l ). 
Then 

iVf a = ;ua, 5|ja = 0. (C.7) 
-iVf/3 = /i/3, 9^/3 = 0. (C.8) 



Denote by /~ (resp. by /^) the dimension of the space of solutions of ( |C.7| ) (resp. 
(|C.8D ). (The connections intervening in the above equations are connections on 
IX ® TT*L and 7r*L obtained by pullback from connections on line bundles over 
the base.) We will only show how to determine since the determination of /~ is 
entirely similar. 

Set for simplicity B = tt*B, = B^ifiip. Note first that d^P = dj^± since the 
transition B B^ does not alter the derivatives along horizontal directions. On 
the other hand, the equation = fi/3 can be rewritten as 

-ivf^p = 0. 
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Thus the equations ( C.8| ) are equivalent to 



^"/3 = 0, d^+P = 0. (C.9) 

If ( |C.9| ) admits a nontrivial solution /3 then (3 must be i?^-covariant constant along 
the fibers. This implies that the pair (7r*L, is the pullback of a pair (line bundle 
L'+connection B'on L') on the base S. The curvature of the connection B' can be 
determined from 

Fb' = Fb + 2£fiidvoh. 



so that 



On the other hand, since ■n*L' = ■k*L we deduce that fj,£ = (mod i) so that ix 
In fact one can see that we have an isomorphism of holomorphic line bundles 

{L,B')^L®L^''. 

The second equation of ( p.9| ) implies that /? is a holomorphic section of L Lq^ . 
Hence = h{L — hLq). Similarly /" = h{K — L — ^Lq) which concludes the proof 
of O- 



Remark C.l A similar argument allows one to compute the entire eta function of 
an adiabatic Dirac coupled with a flat connection of the type discussed in §2.4. In 
the notation of that section we have 

ii{s) = -i ids - 1, k/\i\) + c(i - s, 1 - k/m (c.io) 

where for any a G (0, 1] we denoted by C(s, a) the Riemann-Hurwitz function 

In [WW] it is shown that ^(— l,a) = —B'^{a)/6 where B'^ denotes the derivative of 
the Bernoulli polynomial B-i{z) = — + \z. Substituting this in (|C.10 ) we 
reobtain the main result of §2.4. 

D Technical identities 

We gather here some technical results used at various places in the main body of 
the paper. 

Consider a local orthonormal coframe {99, (/92} of T*N as in §2.1. Set 
e = -^(991 + iv?2) e = -^((/Ji - i(/?2). 
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Note that e is a local section of %. With respect to the splitting 
the Clifford multiplication has the block decomposition (see [N]) 



c{a(f + bipi + C(f2) 



ia {b + ic)e 
-{b — ic)e —ia 



In particular, c{ip)c{ipi)c{ip2) = —1 which agrees with the conventions described in 
Lemma 1.22 of [BC]. 
We compute easily 

1 f-^\ V2e 

-V2e 



c e 



If id G ir2^(A^) has the orthogonal decomposition 



then 



c(id) 



-do 

-2-1/2^ do 



(D.l) 



4(I'A-P-I<^+P) 



The quadratic map q{(j)), viewed as an endomorphism of §l has the block decom- 
position 

If 4) is such that = then 

' -*He(,/.+,V'+) 

Using ( plD we obtain a description of q{(p, ip) as a purely imaginary 1-form 

Let 4> as above. Given H = -i/; © id © i/ where id = ^ (u; — w) , w G C°°(IK) then using 
(plD and (iDp we deduce 



c(id)(/> - i/0 

i3m((/>, -0) 
We now deduce easily that 



© (-i/0+) 
i3m(</>+,Vj+) 



(D.3) 



(D.4) 



The term q[(j), tp) has nice divergence properties. More precisely we have the follow- 
ing result. 
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Lemma D.l Consider a spirf structure a on an oriented, Riemannian 3- manifold 
{M,g). Fix a connection A on deto" and denote by 'Da the Dirac operator on §0- 
induced by the Levi-Civita connection coupled with A. Then for every ip £ C°°{Scr) 
we have 

d*q{^) = -i3m{i;,'DA^). 



Proof Fix an arbitrary point pQ G M, choose normal coordinates {x^ , x"^ , x^) near 
Pq and set e* = dx^. Note that at po we have d*e^ =0 for all i. In [N] we showed 
that, viewed as a 1-form, q{ip) has the local description 



i 

At Pq we have 

2(i*<7W = -^a,((V,c(e*)V))e* 

i 

= - E(^«^^' V') - E(^' c(e*)Vf V> (since Vi.e' = at po) 



i i 

Since po is arbitrary this proves the lemma. □ 

On our circle bundle we have D^ = Da + Ar/2 so that 

d*q{(l)) = -i3m{ (p, {Da + Xr/2)(l)) = -iJm{(l),DA(l)). (D.5) 
Suppose now cj) £ ker Da- We derivate ( p. 5 ) along ip and we get 



d*qi(l),ij) = -3m{<p, DAi^). (D.6) 
This identity plays an important role in the proof of the following result. 

Lemma D.2 Consider an irreducible solution C = (0, A) of the Seiberg-Witten 
equation on A^. We assume for simplicity (p- = 0. For each w > we have an 
operator Ow = Ow{C) as in §3.4. (Recall that Oq = iKi.) Then for all w > we 
have 

ker IKi = ker ■ 
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Proof Note that if H = © id © i/ G ker is such that / = then the 
definition of Ow imphes immediately that S G ker IKi . Conversely, any H G !Ko has 
vanishing third coordinate. Hence it suffices to show that the third component of 
any S G kerO^t, vanishes. 

Let H = ■(/'© id © 1/ G ker O^, . This means 

Da^P + c(id)(/> - i/(/) = 

-i*dd + id/ + q{(l),ij) = (D.7) 

id*a-2wif + iJm{(l),tp) = 

Take the inner product of the second equation with id/. After an integration by 
parts we get 

/ \df\^dvN- I f-d*iq{<P,lPdvN = 0. 

Jn Jn 
Using ( p.5D and the first equation in (D.7) and we get 

IN 

This shows f = and completes the proof of the lemma. □ 

The above lemma has the following important consequence. 
Corollary D.3 

SF{3ii Oyj) = 0. 



References 

[APSl] M.F. Atiyah, V.K. Patodi, I.M. Singer: Spectral asymmetry and Rieman- 
nian geometry I, Math. Proc. Cambridge Philos. Soc. 77(1975), 43-69. 

[APS2] M.F. Atiyah, V.K. Patodi, I.M. Singer: Spectral asymmetry and Rie- 
mannian geometry II, Math. Proc. Cambridge Philos. Soc. 78(1975), 
405-432. 

[APS3] M.F. Atiyah, V.K. Patodi, I.M. Singer: Spectral asymmetry and Rie- 
mannian geometry III, Math. Proc. Cambridge Philos. Soc. 79(1976), 
71-99. 

[BGV] N. Berline, E. Getzler, M. Vergne: Heat Kernels And Dirac Operators, 
Springer Verlag, 1992. 

[BC] J.M. Bismut, J. Cheeger: r]-invariants and their adiahatic limits. Jour. 

Amer. Math. Soc, 2(1989), 33-70. 



55 



[BF] J.M. Bismut, D. S. Freed: The analysis of elliptic families. II Dirac op- 

erators, eta invariants, and the holonomy theorem, Comm. Math. Phys. 
107(1986), 103-163. 

[Dai] X. Dai: Adiabatic limits, nonmultiplicativity of signature and Leray spec- 
tral sequence. Jour. Amer. Math. Soc. 4(1991), 265-321. 

[DZ] X. Dai, W. Zhang: Circle bundles and the Kreck-Stolz invariant. Trans. 

Amer. Math. Soc. 347(1995), 3587-3593. 

[Gky] P.B. Gilkey: Invariance Theory, The Heat Equation And The Atiyah- 
Singer Index Theorem, 2nd Edition, CRC Press, Boca Raton, 1995. 

[Kato] T. Kato: Perturbation Theory For Linear Operators, Springer- Verlag, 
1980. 

[Ko] M. Komuro: On Atiyah-Patodi-Singer r]-invariant for S^-bundles over 

Riemann surfaces, J. Fac. Sci. Univ. Tokyo Sect. lA Math. 30(1984), 
525-548. 

[KS] M. Kreck, S. Stolz: Nonconnected moduli spaces of positive sectional 

curvature metrics. Jour. Amer. Math. Soc. 6(1993), 825-850. 

[LM] R.B. Lockhart, R.C. McOwen: Elliptic differential equations on noncom- 

pact manifolds, Annah di Scuola Norm. Sup. di Pisa, (1985), 409-448. 

[MMR] J.W. Morgan, T. Mrowka, D. Ruberman: The L'^-Moduli Space And A 
Vanishing Theorem For Donaldson Polynomial Invariants, International 
Press, 1994. 

[MOY] T. Mrowka, P. Ozsvath, B. Yu: Seiberg-Witten monopoles on Seifert 
fibered spaces, MSRI preprint, 1996/93. 

[N] L.I. Nicolaescu: Adiabatic limits of the Seiberg-Witten equations on 

Seifert manifolds, Comm. Anal, and Geom., 6(1998), 301-362. 

[O] M. Ouyang: Geometric invariants for Seifert fibered 3-manifolds, Trans. 

Amer. Math. Soc. 346(1994), 641-659. 

[RS] J. Robbin, D. Salamon: The spectral flow and the Maslov index, Bull. 

London Math. Soc, 27(1995), 1-33. 

[Roe] J. Roe: Elliptic Operators, Topology And Asymptotic Methods, Pitman 
Res. Notes in Math Series 179, Longman Scientific and Technical, Har- 
low, 1988. 

[SS] J. Seade, B. Steer: A note on the eta function for quotients of PSL2{'R) 

by co-compact fuchsian groups. Topology 26(1987), 79-91. 



56 



[Z] W. Zhang: Circle bundles, adiahatic limits of rj-invariants and Rokhlin 

congruences, Ann. Inst. Fourier Grenoble, 44(1994), 249-270. 

[WW] E.T. Whittaker, G.N. Watson: A Course Of Modern Analysis, Cam- 
bridge University Press, 1940. 



Current address: Dept. of Math., McMaster University, Hamilton, Ontario, 
L8S 4K1, Canada; nicolaes@icarus.math.mcmaster.ca 

Address beginning Sept. 1998: Dept. of Math., University of Notre Dame, 
Notre Dame, IN 46556-5683 



57 



